Introduction and motivation {#Sec1}
===========================

In this paper, we propose a general computational method for reducing some inequalities involving trigonometric functions to the corresponding polynomial inequalities. Our work has been motivated by many papers \[[@CR1]--[@CR13]\] recently published in this area. As an example, we mention the work of Mortici \[[@CR3]\] who extended Wilker-Cusa-Huygens inequalities using the method he called *the natural approach method*. This method consists in comparing and replacing sin*x* and cos*x* by their corresponding Taylor polynomials as follows: $$\documentclass[12pt]{minimal}
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In this way, complicated trigonometric expressions can be reduced to polynomial or rational expressions, which can be, at least theoretically, easier studied (this can be done using some software for symbolic computation, such as Maple).

For example, Mortici in \[[@CR3]\] (Theorem 1) proved the following inequality: $$\documentclass[12pt]{minimal}
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MTP functions currently appear in the monographs on the theory of analytical inequalities \[[@CR15], [@CR16]\] and \[[@CR5]\], while concrete MTP inequalities are employed in numerous engineering problems (see, e.g., \[[@CR17], [@CR18]\]). A large class of inequalities arising from different branches of science can be reduced to MTP inequalities.

It is notable that many of the above-mentioned analyses and treatments of MTP inequalities are all rather sophisticated and involve complex transformations and estimations. Almost all approaches are designed for 'pen and paper analysis' and many of them are ripe for automation, being formally defined in precise detail, and yet somewhat overwhelming for humans.

Notwithstanding, the development of formal methods and procedures for automated generation of proofs of analytical inequalities remains a challenging and important task of artificial intelligence and automated reasoning \[[@CR19], [@CR20]\].

The aim of this paper is to develop a new algorithm, based on the natural approach method, for proving MTP inequalities by reducing to polynomial inequalities.

Although transformation based on the natural approach method has been made by several researchers in their isolated studies, a unified approach has not been given yet. Moreover, it is interesting to note that just trigonometric expressions involving odd powers of cos*x* were studied, as the natural approach method cannot be directly applicable for the function cos^2^ *x* over the entire interval $\documentclass[12pt]{minimal}
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Notice the logical-hardness general problem under consideration. According to Wang \[[@CR21]\], for every function *G* defined by arithmetic operations and a composition over polynomials and sine functions of the form $\documentclass[12pt]{minimal}
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The natural approach method and the associated algorithm {#Sec2}
========================================================

The following two lemmas \[[@CR8]\] related to the Taylor polynomials associated with sine and cosine functions will be of great help in our study.

Lemma 1 {#FPar1}
-------
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Lemma 2 {#FPar2}
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We present the following results related to the problem with downward Taylor approximations of the cosine function.

Proposition 5 {#FPar5}
-------------
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Proof {#FPar6}
-----
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\(3\) The monotonicity of the sequence $\documentclass[12pt]{minimal}
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\(5\) This statement is a consequence of the monotonicity of the sequence $\documentclass[12pt]{minimal}
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Corollary 6 {#FPar7}
-----------
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Based on the above results, we have the following.

Corollary 7 {#FPar8}
-----------
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In order to ensure the correctness of the algorithm \[[@CR27], [@CR28]\] we will develop next in the sequel, the following problem needs to be considered.

Problem {#FPar9}
-------
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Remark {#FPar10}
------

If cos*x* appears in odd powers only in the given MTP function $\documentclass[12pt]{minimal}
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One of the methods to solve the problem of downward approximation of the function $\documentclass[12pt]{minimal}
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Several more ideas to solve the above problem are proposed and considered below under the names of Methods [A](#FPar11){ref-type="sec"}-[D](#FPar14){ref-type="sec"}. In the following, the numbers $\documentclass[12pt]{minimal}
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Method A {#FPar11}
--------
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Note that Method [A](#FPar11){ref-type="sec"} assumes solving a transcendental equation of the form $\documentclass[12pt]{minimal}
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Method B {#FPar12}
--------
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Method C {#FPar13}
--------
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Method D {#FPar14}
--------

Eliminate all even degrees of the function cos*x* using the transformation $$\documentclass[12pt]{minimal}
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Note that Method [D](#FPar14){ref-type="sec"} can be applied for any $\documentclass[12pt]{minimal}
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An algorithm based on the natural approach method {#Sec3}
-------------------------------------------------
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**Comment** on step II of the Procedure Estimation: in the general case, the addend $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{i}(x)= -\beta _{i}x^{p_{i}}(\sin x)^{q_{i}}(\cos x)^{r_{i}}$\end{document}$ can be estimated in one of the following three ways: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{i}(x) =-\beta_{i}x^{p_{i}}(\sin x)^{q_{i}}(\cos x)^{r_{i}}\geq \beta_{i}x^{p_{i}} (\underline{T}^{\sin,0}_{4s_{i}+3}(x) )^{ q_{i}} (-\overline{T}^{\cos,0}_{4k_{i}}(x) )^{ r_{i}}$\end{document}$,(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{i}(x) =-\beta_{i}x^{p_{i}}(\sin x)^{q_{i}}(\cos x)^{r_{i}}\geq\beta_{i}x^{p_{i}} (-\overline{T}^{ \sin,0}_{4s_{i}+1}(x) )^{ q_{i}} (\underline{T}^{ \cos,0}_{4k_{i}+2}(x) )^{ r_{i}}$\end{document}$,(iii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a_{i}(x) =-\beta_{i}x^{p_{i}}(\sin x)^{q_{i}}(\cos x)^{r_{i}}\geq - \beta_{i}x^{p_{i}} (\overline{T}^{\sin,0}_{4s_{i}+1}(x) )^{ q_{i}} (\overline{T}^{ \cos,0}_{4k_{i}}(x) )^{ r_{i}}$\end{document}$. Note that for fixed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s_{i}, k_{i}, q_{i} $\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r_{i}$\end{document}$, the method (iii) generates polynomials of the smallest degree.

We present the following characteristic \[[@CR28], [@CR29]\] for the *Natural Approach* algorithm.

### Theorem 8 {#FPar15}

*The Natural Approach algorithm is correct*.

### Proof {#FPar16}

Every step in the algorithm is based on the results obtained from Lemmas [1](#FPar1){ref-type="sec"}-[4](#FPar4){ref-type="sec"} and Proposition [5](#FPar5){ref-type="sec"}. Hence, for every input instance (i.e., for any MTP function $\documentclass[12pt]{minimal}
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Some applications of the algorithm {#Sec4}
==================================

We present an application of the *Natural Approach* algorithm in the proof (Application [1](#FPar17){ref-type="sec"} - Theorem [9](#FPar18){ref-type="sec"}) of certain new rational (Padé) approximations of the function cos^2^ *x*, as well as in the improvement of a class of inequalities ([20](#Equ20){ref-type=""}) by Yang (Application [2](#FPar21){ref-type="sec"}, Theorem [10](#FPar22){ref-type="sec"}).

Application 1 {#FPar17}
-------------

Bercu \[[@CR7]\] used the Padé approximations to prove certain inequalities for trigonometric functions. Let us denote by $\documentclass[12pt]{minimal}
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In this example we introduce a constraint of the function cos^2^ *x* by the following Padé approximations: $$\documentclass[12pt]{minimal}
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Theorem 9 {#FPar18}
---------

*The following inequalities hold true for every* $\documentclass[12pt]{minimal}
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Proof {#FPar19}
-----

We first prove the left-hand side inequality ([11](#Equ11){ref-type=""}). Using the computer software for symbolic computations, we can conclude that the function $\documentclass[12pt]{minimal}
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Note {#FPar20}
----

Using Padé approximations, Bercu \[[@CR7], [@CR13]\] recently refined certain trigonometric inequalities over various intervals $\documentclass[12pt]{minimal}
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Application 2 {#FPar21}
-------------
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In this example we propose the following improvement of ([20](#Equ20){ref-type=""}).

Theorem 10 {#FPar22}
----------

*The following inequalities hold true for every* $\documentclass[12pt]{minimal}
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Proof {#FPar23}
-----
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Remark on Theorem [10](#FPar22){ref-type="sec"} {#FPar24}
-----------------------------------------------
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Corollary 11 {#FPar25}
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Corollary 12 {#FPar26}
------------
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Conclusions and future work {#Sec5}
===========================

The results of our analysis could be implemented by means of an automated proof assistant \[[@CR31]\], so our work is a contribution to the library of automatic support tools \[[@CR32]\] for proving various analytic inequalities.

Our general algorithm associated with the natural approach method can be successfully applied to prove a wide category of classical MTP inequalities. For example, the *Natural Approach* algorithm has recently been used to prove several open problems that involve MTP inequalities (see, e.g., \[[@CR8]--[@CR12]\]).
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